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ABSTRACT

By applying the tools from queueing theory to a number of
problerns in computer communications and other multi-access
systems, we have found a number of useful and intuitively
pleasing rules of thumb which predict system behavior and which
are easily calculated by deterministic reasoning. These rules of
thumb ailow one to calculate the “proper” operating point in these
systems where the basic tradeoff is usually efficiency versus either
delay (due to queueing) or loss (due to blocking) or some
combination thereof. Using a previousiy defined notion of power
as applied to delay systems, we extend that definition to combined
loss and delay systems and then are able to define the optimal
system operating point as that which maximizes this defined power.
These resuits take advantage of the smoothing effect of the law of
large numbers as applied to icati Y

1. INTRODUCTION

Queueing theory is hard. Most interesting queueing models
cannot be solved exactly and this leaves the systems analyst in a
difficult position, especially in the initial design phase when he is
simply trying to size the system and yet may lack the engineering
intuition required for that analysis. Indeed, in the past we have
often seen gross errors in prediction when queueing effects have
been neglected:; it is only in the last few years that analysts have
come 10 appreciate the need for including the effects that queues
can have in degrading system performance. It is the purpose of this
paper to provide some engineering rules of thumb which may be
used in such situations. Indeed we will show that deterministic
reasoning (i.e., a "fluid* approximation (KLEI 76]) is usually a
dangerous approach in real system performance evaluation uniess
we find that the system obeys the law of large numbers; in such a

approaching an efficiency of 100% due to Eq. (1.1}, However /, a
functiont. which usually tends to vary slowly with p, may depend
critically on other sysiem parameters and may save the day in the
case when p—1! as we shall see. Of course where there is no

due to i then we know that proper scheduling
would permit p to approach one without any backlog forming at all
and it is such deterministic reasoning which we explore in this
paper.

Now for some definitions. We will use terminology from

p icati Ithough that is clearly not neccessacy.

We it a i system as a queueing

system in which messages arrive, spend some time passing through

the system (hopefully being routed and transmitted) and finaily
leave the system. Let:

T - average time spent in the system by a message (also known
as the average system response time)

X = average system response time when there is no interfering
traffic from other messages

W = T—X (W is the average wasted time or waiting time in the
system)

A = arrival rate of messages to the system

B = Blocking probability (i.e., the probability that an arriving
message is rejected by the system at the input)

Since there is competition within the system for access to the
system’s (typically issi ) we find that a
message spends on the average T seconds in the system rather than
the minimum time which is X seconds; therefore we see that a
spends T/X times as long in the system as it should if the

limit we may use deterministic reasoning (as opposed to h

or queueing calculations) which is quite accurate and which leads to
the deterministic cor jon that can be driven close 0
100% of their capacity and still perform weil. This last statement is
a mortal error in most queueing systems since typically we find that
the average response time 7T varies with system utilization p
according to the formula:

r- L wn

1-p
In this equation we observe that as p—I, then the sysiem
deteriorates in that both the response time and the backlog grow to
infinity. In general p represents a measure of the efficiency with
which the system resources are utilized {and is often cailed the
utilization factor); we see therefore that one is prohibited from
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system’s resources were available for that message's sole use. We
will have occasion to use this normalized response time in our
discussion below. Furthermore since the system may reject
messages {a fraction B of the time) then we define y to be the
traffic (messages per second) actually carried by the network which
must be equal to

y =a(1-8) (1.2)
Lastly we will be using the following well-known result (Little's
result} in our development
N=yT (LY
whete N is simply the average number of messages in the system.

Let us now introduce the notion of efficiency of a system
resource. For purposes of this paper we simply define it t0 be the
utilization factor of the servers and in the case of an m-server
system carrying a total traffic v we have that the utilization factor
(hence the efficiency) is simply given by
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p=yX/m {1.9)

Here we are assuming that a single transmission is all the service
required by a message. Clearty these notions can be extended to
multi-hop systems but such extensions will not be considered in
this paper. In the case of a multiple-server system we see that p is
simply the average fraction of busy servers and therefore
corresponds to the efficiency of the system resources.

The terms we have defined are clearly terms of interest to

analysts: 1 time, efficiency, and loss.
In the next section we discuss how these terms may be combined
into a single measure of system performance. In the balance of the
paper we discuss the behavior of some example systems and show
the way in which deterministic rules of thumb may be used in
evaluating system performance.

2. THE POWER OF A SYSTEM

In a system with no loss, there are two performance
measures which compete with each other: response (ime and
throughput, In [GIES 78], these two performance measures were
combined into a single measure known as power, P’, defined as
follows

[ A
P T Q.10
Wlth this measur¢ we see that an increase in throughput or a
in time i the power. Throughout this
paper we will use the symbol * to denote variabies which are
optimized with respect to power. In [KLEI 78] the author
examined this function and found that for any system described by
a delay-throughput function T'(y), power will be maximized at that
value of throughput where a ray out of the origin of the T, y plane
is tangent to the T(y) function. See Figure 2.1. For example in an
M/M/1 (see [KLEI 75] for an explanation of the */*/* notation for
queueing systems) queueing system, power is maximized at that
optimal delay (denoted by T°) and optimal throughput (v°)
combination such that the delay is mwice the minimum delay and the
throughput is ‘4 the maximum throughput, that s,
Ty )=2T¢0)=2% and ¥ =ymy/2 where Ymx iS that throughput
which drives the system into saturation, namely when
Pmax=YmaxX = 1.

We wish to introduce a more useful notion of power which
includes the effect of blocking in a loss system and also normalizes

the performance parameters in a suitable fashion. This new
definition of power, P, is given as follows
p - 208 @
T/
We note that
%)2
Pe=pop) a
m

The introduction of the term (X)¥m is simply to convert the
throughput y to the efficiency p through the relationship p=y%/m
and to convert the response time T to its normalized version T/x :
these normalizations are convenient but not especially significant.
Of more importance of course is the introduction of the factor -8
which represents the fraction of appiied traffic A which is actually
carried by the network; see Eq. (1.2). Thus our generslized
definition of power is simply the fraction of traffic which is carried
times the system efficiency divided by the normalized response
time. Such a measure is intuitively appealing and behaves in the
right direction with respect to all of our performance variables,
namely, efficiency (or throughput), response time, and loss. More
importantly, as we show below, it identifies the "proper” operating
point for our system; this proper operating point will turn out to
satisfy our intuitive expectation.

Let us rewrite Little's resuit as follows
Nwyr
= (yX/m)mT/%
- om(T/%) 2.4)
Now in the case of a system with no loss, (#=0), then we have

N- pz% 2.5

Let us now observe for the system M/M/1 that we have, at optirnal
power, p= i/2 , P = 1/4 and therefore an average number of
messages in the system equal to unity, that is:

N'=1 forM/M/1 2.6)

This is an interesting result and says that an M/M/1 system has
maximum power when on the lvera;e there is only one message in
the system; this is i leasing since it corresp to our
deterministic reasoning that Lhe proper operating point for a single
server system is cxactly when only one customer is being served in
the system and no others are waiting for service at the same time.

It turns out that this last result is general and holds also for
the system M/G/1; that is, we have the following theorem:

Theorem 2.1
For any M/G/1 queueing system, power, as defined in Eq
2.2), (with B=0), is maximized when
N'=1 Q.n
PROOF.
The proof follows simply when one uses the observation

made in {KLEI 78] that power is meximized for any T(y)
function when

——L”Zf,) - ——Lr; ) o)

If we now substitute in the P—~K equation for M/G/1 {KLEI 75,
Eq. (5.7)] we find that it will satisfy this last equation when N =1.

This result is shown in Figure 2.1 in which we plot the
normalized response time versus system utilization for M/G/1.
(The ratio of standard deviation to mean service time is Cp, the
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Figure 2.1 Optimal Power
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