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ABSTRACT

Queue disciplines studied in tge %a:t have not given the system
designer sufficient freedom with whiéh to alter the relative waiting
times of the various priority groups. In this paper, results are derived
for a delay dependent priority system in which a unit's priority is in-
creased, from zero, linearly with time in proportion to a rate as signed
to the unit's priority group. The utility of this new priority structure

is that it provides a number of degrees of freedom with which to manip-
ulate the relative waiting times for each priority group.

INTRODUCTION

A number of queue disciplines have been studied in the past (see Saaty [5] for a sum-
mary of such studies). Whereas these investigations provide a careful and useful analysis,
many of the queue disciplines themselves suffer from the lack of a set of adjustable parame-
ters. Specifically, once the arrival and service rates for all priority groups are specified, T
then the set of average waiting times are determined exactly, and the system designer has no
degrees of freedom left with which to adjust the system's behavior. The delay dependent pri-
ority system described in this paper provides a set of variable parameters, bp , which are at
the disposal of the designer and which allow him to adjust the relative waiting times of each
priority group to a large degree.

THE MODEL

We consider a total of P different priority groups. Units from group p (p=1,2,... ,P)
arrive in a Poisson stream at rate A units/sec; each unit from priority class p has a re-
quired service time selected from an exponential distribution with mean 1/ “p . We define#

P
(1) A= )\p,
p=1
P
@ Vo = ) /),
p=1

A e e

¥This work was done while the author was employed at Lincoln Laboratory (operated with sup-
port from the U.S. Army, Navy, and Air Force), Massachusetts Institute of Technology,
Cambridge, Massachusetts.

tThese quantities are usually specified by the user and not by the designer of the system.
iNote that W, is the expected time to complete service on the unit found in the service facility
(see Cobham [1]).
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(3) Pp =Ap/bhy,
P
@) pMu=)
p=1
and
P
(%) W, = f\:l P/ b

We further define

action between the priority functions for two units. Specifically, at time T, a unit from priority
8roup p, arrives, and attains priority at a rate equal to (t-T) bpl - Attime T', a different

qu(v)=(t—r )bpz

qp(t)

)= (t=7
qpl( )= ( )bp‘

— —_— e ¢

Figure 1 - Interaction between priority
functions for the delay dependent pri-
ority system
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unit enters from 2 higher priority group Pys that is, Pg > Py When the service facility be-
comes free, it next chooses that unit in the queue with the highest instantaneous priority. Thus,
in our example, the first unit will be chosen in preference to the second unit if the service
facility becomes free at any time petween T and To (in spite of the fact that the first unit is
from a lower priority class); but, for any time after T, the second unit will be chosen in
preference to the first.

MAIN RESULTS

For the delay dependent priority system, without pre-emption, we give two derived
forms for Wp; one is a recursive form in terms of the W; for the lower priority units, and
the other more complicated expression is the solution of the recursive equations.

THEOREM 1:*
For the delay dependent priority system with no pre-emption, and 0=p<1,

p-1
[Wo/(l-p)] - Z piW.l[l—(bi/b )|
1=

-___/__'_L__-—-——/
(8) Wp = =
= Z pi[l'(bp/bi)]
i=p+1
or
p-1
© W, = W/(L-P/Dp) |1+ > B NNt R e
j=1 0<'11<12 )
<, Z5D
)
where
P
(10) p, = 1e ), Al-0yhy)]
i=p+1
and
(11) Fk(n) o B (pk/Dk) [1 £ (bk/bn)] .

1t is interesting to note the extremely simple dependence that Wp has on the pa.rameters b.1
(namely, only on their ratios).

: For the case of the delay dependent priority system with pre-emptionf we give a recur-

sive form for Wp in terms of the W.l for the lower priority messages.

THEOREM 2:1
For the delay dependent priority system with pre-emption, and for 0 =P <=1

-
*See Saaty [5] for 2 definition of pre-emption.
1See the Appendix for proof of this theorem.
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P p-1 p-1
[W,/(1-p)] + Z (oy/ 1) [1-(bp/bi)]-Z (oy/ 1) [1-(bi/bp)]-Z piWi[1~(bi/bp)]
(12) W_= i=p+1 i=1 i=1
P P
- ) aft-tm,)]
i=p+1

It is interesting to note the behavior of Wp as a function of p for these two disciplines
and to compare this to the head of the line priority system (see Cobham [1]). The curves in
Figures 2-5 have been prepared to illustrate this behavior. The assumptions are that Ap = A/P,
“p =4, and b_ = 2P-1 b=1,2 . » P). These special cases do not reveal the entire struc-
ture of the Wp » but they do give one an intuitive feeling about their general properties; the
obvious reason for choosing these special values is that they are easy to plot. Figures 2 and 3
show uW = for the head of the line priority system, and Figures 4 and 5 show MW for the
delay dependent priority system. The curves shown are for P =2 and p = 5. In addition, the
case P =1 is shown as a dashed curve in al] the figures; clearly, for P = 1, qu(p) = p/(1-p)
for all* of the diseiplines, and so corresponds to the strict first come first served discipline.
As such, the P = 1 case Serves as a basis of comparison for all the curves.

Observe that, in general, the curves for the pre-emptive case are more widely spaced
than the corresponding curves for the nonpre-emptive case. Further, one notes that, in

;n p=2
=S
P=2
- 1 =W
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Figure 2 - uWp(o) for the head of the line pri-
ority system with no pPre-emption. a) P = 2,
b) P =5,

*The Conservation Law (see Kleinrock [2]) shows why #Wp(p) for the case P = 1 must be inde-
pendent of queue discipline,
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Figure 3 - #Wp(p) for the head of the line pri-
ority system ~with pre-emption. a) P =2,
b). ‘P.= 5,
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Figure 4 - uWP(p) for the delay dependent pri-
ority system with no pre-emption. a) P = 2,
b)e P =5;
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k k
A Filk+1) = ) Fy (c+1),
fui ip=

which is obviously correct. Now for n > 1, we require that the n-tuples agree, and so, writing
only the n-tuples for each side of the equation, we have

k
LR Fyliy) .. F () - ) Fy ig) - Fy (ce1)
i=1 0<il<... 0<il<...

4 s <i, <k+1

If, on the right hand side of this last equation, we separate out the Summation involving in , as
follows,

k
> Py B Gen) = ) By (c+ 1) o Byl o By ),
0<i<... i =1 0<, < ¥

iy <k+1 S

we find that the n-tuples do indeed agree (i.e., let in =1 in this last expression). Thus, we
have proven the validity of Eq. (9) and this completes the proof of THEOREM 1.

PROOF OF THEOREM 2: )
Here, we use notation very similar to that used in the proof of Theorem 1 except that all
quantities will refer to time spent in the queue plus service facility, instead of just in the queue
as was the case in Theorem 1.
Following through with almost identical arguments, we arrive at the following ex-
pressions (where Ti = Wi + (l/ui)):

E(ni) =NT,,
E(mi) =N Tp ;
bi/bp li=tp:
fip =
1 L=p:
0 Le=p.
and gip =

where n, is now defined as the total number of type i units which were present in the system
(queue plus service facility) when the tagged unit arrived, and m, is defined as the total number
of type i units which enter the system while the tagged unit is in the System.,
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set of relative Wp that he desires from the system. The additional number of degrees of free-
dom that the designer has from the set b, is just what is necessary to gatisfy the user's
demands. Without this freedom (as in the head of the line priority system), the set Wp is fully
determined, and the designer cannot alter their relative values. Even with the b, certain
limitations exist: firstly, the function Wp cannot lie below WP for the head of the line priority
system since in such a system, the P~ group is given complete priority over all other groups,
and members from this group interfere only with each other; secondly, the Conservation Law

(see Kleinrock 21) clearly puts 2 constraint on the absolute values of the set Wp :

APPENDIX

PROOF OF THEOREM 1:
Consider the arrival of a type p unit, which we refer to as the tagged unit. Upon its
arrival, the expected number, E(n.l), of type i units present in the queue, iS (see Little 31,

E(n.l) = xiwi.

Let f.1 represent the expected fraction of these type 1 units which receive service before the
tagged unit does. As usual, Wp will represent the expected value of the time that the tagged
unit spends in the queue. We know, by assumption, that the expected number, E(mi), or type i
units which arrive during the time interval W p’ is

E(m.l) = 7\.1W p*
That this is SO is obvious from the definition of A; a8 the average number of type i arrivals
per second, in addition to the independence of arrival times. Let Zip represent the expected
fraction of these type i units which receive service pefore the tagged unit does.
with these observations and definitions, we are able to write down 2 set of P simul-
taneous equations, one for each value of p, a8 follows:

1% B
(A1) Wp =W+ Zl' ()\iwiiip/ By * }:1 (xiwpgip/u.l).
1= i=

The typieal term in these sums is of the form: the expected number of type i units which get
service before the tagged unit does, times the quantity 1/ By which is the expected yalue of the
gervice time for a type i unit.

Now from the definition of the fij and 8ij as well as the imposed queue discipline, We
note that

fip=1 for all i=DP
and
- 1<
g.lp-o forall i=P-

Using this information and solving for Wp in Eq. (A1), we obtain



338 L. KLEINROCK

Now, as is well-known* (for W; a nonnegative random variable),
o0

E(wi) = f [l-Pr(wis x)] dx
0

and since, in our notation Wi = E(wi), we obtain
Em)f, =2, w, - A [1- (by/b )W
or
fip = [Ai Wi/E(“i)](bi/bp)'

But we know that

and therefore

fip . bi/bp forall i =p,

Having derived expressions for f

and g1p » Weé may now substitute for these quantities
in Eq. (A2), and obtain,

1p

If we now make use of the Conservation Law (see Kleinrock [2]) we can rewrite the above
equation as

p-1
Wo/(-p] - D" pw [1- (b/b,)]
Wl i=1
p P 4
1) py[1- (b /bp)]
i=p+1

which establishes Eq. (8) of Theorem 1.
Let us now show that Eq. (9) is indeed the solution to the set of recursively defined Wp
as expressed in Eq. (8). we proceed to show this by an inductive proof.

— R
*See, for example, Morse [4], p. 9.

\5_&“#*_\_
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Upon its arrival, the tagged unit finds ny type i units already in the queue. Let us
consider one such type i unit, as shown in the figure, which arrived at t=-Ty. In looking for
fioe W must calculate how many type 1 units arrive before t=0, and obtain service before
the tagged unit does. It is obvious from the figure that a2 type i unit which arrives at time
- Tl(T1 > 0) and which waits in the queue 2 time w.l(T 1) such that T4 = wi(T 1) =Ty & T, will
satisfy these conditions. Obviously, the reason that wi(T 1) must not exceed Tq+ Ty is that
for wi(T 1) > Ty # Ty that i type unit will be of lower priority than the tagged unit, and will
therefore fail to meet the conditions stipulated above. Note that T2 may exceed tp , but this
does not violate our conditions since in that case the i type unit must surely be serviced before
the tagged unit is serviced.

Therefore, let us first solve for 'I‘2 . Clearly,

pr2 = bi(T1+T2)
and so
T2 = [bi/(bp-b.l)] T1
or
T1 + T2 = [bp/(bp-bi)] T1‘

It is clear that the expected number, E(n.l) fip , of i type units which are in the queue at t = 0
and which also obtain service pbefore the tagged unit does, can be expressed as

o0

(A3) E(,) f;p = jo NP {t = w,(t) = [bp/(bp-bi)]t} at,

where A dt is the expected numb'er of i type units that arrived during the time interval
(-t - dt, -t) and where P t= wi(t) = [bp/ (bp 'bi)]t is the probability that a unit which
arrived in that interval spends at least t and at most [bp/ (bp —b.l)]t seconds in the queue.
Equation (A3) can be written as

[e0] c8}

E@)tp = N go [1- P w; =D]dt -2 KO {1 < F {wi = [bp/(bp-bi)]tn dt
(00] o0

=N j [1- P (w; =0]dt - 2L - (b/0)] j 1 - P (w; =014,
0 0

where we have set

g = [bp/(bp - bi)]t :
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P p-1
wo+ZpiWi+. piW.f.
(A2) Wp = 1=p i=1

P
e Z P 8ip,

i=p+1

qp(t)

Let us now derive an expression for
gip' Once again consider the arrival of ap
Figure Al - Diagram of priority, type unit, the tagged unit, at time 0. Since
dp(t), for obtaining Eip Wp is its expected waiting time, the expected
value of its attained priority at the expected
time it is accepted for service is bp Wp , as
shown in Figure A1, In looking for gip » We must calculate how many i type units arrive on
the average, after time 0 and reach 3 priority of at least bp Wp before time W . It is obvious
from the figure that type i units which arrive in the time interval (0, Vi) will satisfy these
conditions, Thus, let us calculate the value of Vi . Clearly,

bW, = b, W, -v,)

and so
Vi = Wp [1'(bp/bi)]'

Therefore, with an input rate of Ai for the type i units, we find that
gipE(m;) =, v,
and so
gipAin = Ain [1 '(bp/bi)]
giving
8ip = 1- (bp/bi) for all i >p.
We now prove that fip = bi/bp for i=p. Consider that a type p unit, the tagged unit,

arrives at time t = Q » and spends a total time t_ in the queue. Its attained priority at the time
of its acceptance into the service facility will be bp tp » a8 shown in Figure A2,

SLOPE b
[

Figure A2 - Diagram of priority,

qp(t), for obtaining fip
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A DELAY DEPENDENT QUE

First, for p = 1, we get, from Eq. (9)

1) = [Wo/(l'P)] ___—-rlf_"——_ ’

W,y = W/(L-p) (/D
g Z py[1-(0y/0)]
=2

hecks with the value of Wy obtained from Eq. (8).

which ¢
get from Eq. (9)

For p =2, W€

P
- e Z Pi [1' (bl/bi)]

L= Pl[l = (bl/bz)]
i=2

(@)= W/@-P]

W, = W, /(- P)1(1/Dy) [1+F
P
1= Zpi [1 = (b?./bi.)]
i=3

W2 obtained from Eq. (8).

e assume that the solution holds for all P = k,

p=k+1l. Let us therefore write
., Wy may be

hecks with the value of
al in an inductive proof, W
at the solution ig correct for

Eq. (8), using the fact that Wi Wys -

which ¢
Now, as is usu
that this implies th

and we show
Tom

down the expression Wk+1 f
evaluated from Eq. (9):

k i
1= oy [t (/o DI/PD 1) PR AR
i=1 J=d 0Ki S s 1 ]

Wi,q = W/ (1= P11/ Pics)
<i<i
)

K 1
=[W0/(1—p)](1/Dk+1) 1+ZF.1(k+1) 1+Z Z F, (1. F®
1=1 =1 o<, 1 )

<i<i

(11). Now, comparing

0) and
at the induction

e notation of Eas. (1
Eq. (9), we se€ th

en the liberty of using th
from

expression obtained for Wk +1
1lowing identity exists:

where we have taki
this last equation with the
proves the result if the fo

K fd K

> kD) T 7. F; i) LR = ) > F; (i) L F (k+ D).

i=1 j=1 0<y<... ) j=1 0<iy<... )
<4< <ij<k+1

e F factors. Therefore, in

~tuples of th
ts of n-tuples appear

both sides of this equation involve n
how that the same S€

1t is clear that
order to prove the validity of this expression, let us s
on both sides of the equation. First, for n = 1, we require that
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0

Figure 5 - wWp(p) for the delay dependent pri-
ority system  with pre-emption. a) P = 2,
b) P = 5,

ically, if any unit remains in the queue for an extremely long time, it will eventually attain an
extremely high value of priority; as such, it must eventually get served before any newly en-
tering units. Thus, if any group experiences an infinite expected waiting time, then they all do.
This effect causes all the Wp curves to have a pole at p=1,

CONCLUSION

In reviewing the two theorems of this baper, we find it appropriate to state the important
conclusions once again. Specifica.lly, we would like to emphasize the versatility inherent in a
delay dependent priority structure. By this we mean that a system designer has at his disposal,
a whole set of parameters (the set b_) with which to adjust the relative waiting times, W_. He
must have this freedom if he intends to satisfy, or come close to satisfying, a set of specifica-
tions given him by the intended user of the system. In general, the user will specify the traffic
to be handled; i.e., he will specify the number P, of priority groups, the average arrival rate,
’\p » and average service time 1/ up for each of these groups.* Then the user will specify a

P
*Note that after }‘p and l/;ip are specified, then p = 2 >‘p/“p is also specified,
p=1



A DELAY DEPENDENT QUEUE DISCIPLINE 341

The expression for Tp is therefore

P

P
Tp = (1/”’p) aE Z]:. (Ai Tifip/“i) ot Z O\i Tp gip/ui) .
i= i=1

This equation is obtained from reasoning quite similar to that used in forming Eq. (Al). Now,
using the expressions for fip and 8ip > and also remembering that Wi +1/ By = T.1 we obtain,

p p
i=1 i=

P
s ) Wy (/)] [1-(p/B)],
i=p+1

where we have also made an application of the Conservation Law in this last expression. Solv-

ing for Wp, and collecting terms, we obtain finally,
P p-1 p-1
W /(1=p]+ ), (py/m) [1- (/b)) - > o/ 11~ (/0] - > bW, [1- (by/b)]
I i=p+l il j=]
| 238 P 2
1- ). pyl1-(y/o))]
i=p+1

which is the same as Eq. (12) and so proves THEOREM 2. Note that, E(n), the expected num-
ber of units in the system, is

P

E@ = ) , E@y) = )
p:l p=1
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